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Abstract

Grokking is a training phenomenon in which neural networks overfit for a prolonged
period before abruptly transitioning to strong generalization. This project studies
whether the onset of grokking can be anticipated without monitoring test error,
by tracking intrinsic properties of a model’s internal representations during train-
ing. Using a modular addition benchmark with a two-hidden-layer MLP, we mea-
sure several intrinsic signals—including correlation dimension, PCA participation ra-
tio/effective rank, persistent-homology—derived quantities, and minimum spanning
tree (MST)-based fractal dimension—across layers and throughout optimization.
We quantify how these signals relate to delayed generalization via time-resolved
lead-lag correlation analysis, and assess robustness across hyperparameter sweeps.
We find that MST-based dimension is the most practically informative signal in our
setting: the first hidden-layer MST dimension correlates strongly with the general-
ization gap at substantial positive lead times (on the order of 1000 epochs). Building
on these observations, we introduce a simple parametric onset predictor that fits a
logistic transition model to intrinsic trajectories and calibrates an offset to estimate
grokking time from intrinsic dynamics alone. Across runs for the second hidden-
layer MST dimension, predicted onset times align closely with observed grokking
times (R? ~ 0.98; RMSE ~ 1637 epochs), supporting the view that grokking cor-
responds to a measurable internal phase transition that can be detected before test
accuracy reveals it.
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1 Introduction

1.1 Research Motivation

Grokking is the phenomenon where a neural network suddenly transitions from
memorizing its training data to perfectly generalizing long after the point of over-
fitting [12]. In other words, training accuracy reaches 100%, yet the validation
accuracy remains at chance level for an extended period before abruptly jumping to
near-perfect generalization performance. This striking delay in generalization defies
the expectations of classical learning theory. Understanding when and why a net-
work will grok is of both theoretical and practical interest. If we could predict the
onset of grokking without directly observing test error, it would shed light on the
internal mechanisms enabling generalization and could inform training protocols
(e.g. early stopping or regularization scheduling) for tasks where extended training
eventually yields improved generalization.

Several hypotheses have been proposed to explain grokking’s delayed generaliza-
tion. One view is that heavy regularization (particularly weight decay) biases the
network toward simpler, more generalizable solutions that are harder to find [12,
9]. In this view, the network might be slowly working toward the general solution
under the hood, even though the outward transition in error is sudden [2]. Another
perspective situates grokking as a transition between two regimes of training dy-
namics: a “lazy” regime near initialization and a “rich” regime where the network’s
weights move significantly to capture structure [5, 10]. Empirical and theoretical
work supports that grokking corresponds to the network escaping the lazy regime
and undergoing a sharp change in its internal representations [11].

Our study is motivated by recent evidence that grokking is accompanied by qual-
itative changes in model complexity and representations. For example, Power et
al. (2022) originally observed grokking in small algorithmic tasks (like modular
arithmetic) under strong weight decay [12]. Subsequent analyses found that when
grokking occurs, the network’s representations become simpler: the intrinsic dimen-
sion of the last-layer activations drops concurrently with the jump in test accuracy.
This suggests that the network’s final representation manifold compresses when it
discovers a generalizable pattern. Similarly, DeMoss et al. (2025) showed that prop-
erly regularized networks exhibit a sharp complexity phase transition at grokking:
a custom complexity measure (based on Kolmogorov complexity via lossy compres-
sion) rises during memorization and then falls as the network discovers a simpler
underlying solution [6]. Taken together, these findings hint that certain intrinsic
metrics — e.g. measures of dimensionality or complexity of internal states — might
serve as “order parameters” for the grokking transition. If so, monitoring these met-
rics during training could allow us to predict the grokking time (the onset of gener-
alization) without observing the test error.
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1.2. OBJECTIVES AND CONTRIBUTIONS Chapter 1. Introduction

1.2 Objectives and Contributions

This project investigates whether intrinsic signals derived from a model’s internal
representations can provide indicators of grokking in a controlled setting. The ob-
jectives are to:

* reproduce grokking on a modular arithmetic prediction task;
* track intrinsic metrics across layers and training epochs;

* analyze whether these signals exhibit systematic changes during the general-
ization transition;

* evaluate robustness across runs and hyperparameter settings.

To address these objectives, we conduct a systematic empirical study of intrinsic sig-
nals during training in a grokking-prone setting. We implement and benchmark a
broad suite of intrinsic-dimension and complexity measures drawn from the literature—
including correlation dimension, minimum spanning tree (MST) fractal dimension,
PCA-based effective dimension/participation ratio, persistent-homology—derived di-
mensionality estimates, and an algorithmic complexity proxy—and track them across
layers and epochs for a modular arithmetic prediction task.

Beyond collecting these metrics, we contribute two complementary analysis ap-
proaches. First, we study how intrinsic signals relate to generalization using correlation-
based analyses that explicitly account for temporal structure, evaluating multiple
correlation formulations and a range of lead-lag offsets to test whether intrinsic tra-
jectories provide strong associations with generalization gap during grokking. Sec-
ond, we propose a grok-time prediction method that fits a sigmoid transition model
to intrinsic trajectories and uses the fitted parameters to estimate the onset time di-
rectly from intrinsic dynamics. We quantify uncertainty using bootstrap confidence
intervals and assess robustness via augmented results across hyperparameter set-
tings. Together, these experiments characterize which intrinsic measures are most
informative, how early they provide predictive signal, and how stable these conclu-
sions are across training conditions.

1.3 Research Approach and Outlines

We begin by reviewing the relevant background on grokking and its interpretation
as a phase transition. We then introduce the concept of intrinsic and fractal dimen-
sions in neural networks, laying out the metrics we will employ. Next, we describe
our methodology — the experimental setup and how each metric is computed and
tracked. We then present our results, examining the dynamics of the most important
metrics and their relationship to test error, including visualizations of their trajecto-
ries. Finally, we discuss the implications of our findings.




2 Grokking Background

2.1 Delayed Generalization

Grokking was first reported by Power et al. (2022) in small-scale algorithmic learn-
ing tasks and refers to a delayed transition from a memorising solution to a rule-
based solution that generalises [12]. It is most easily observed when the training set
covers only a subset of the full input-output space, so that memorisation and rule
learning are both viable ways to achieve low training loss. Training performance
saturates early, while validation/test per- formance remains near chance for many
additional epochs before rapidly improving.
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Figure 2.1: Schematic illustration of grokking dynamics: training performance saturates
early while validation/test performance remains near chance before abruptly improving
at the grokking onset time ¢4, (not to scale).

This chapter reviews the canonical grokking setup and the main explanatory perspec-
tives proposed in the literature. These perspectives motivate our focus on intrinsic
signals—quantities computed from internal representations during training—as po-
tential early indicators of the generalization transition.

2.1.1 Canonical Grokking Setup in Algorithmic Tasks

A prototypical grokking benchmark is modular arithmetic, such as learning addition
modulo a prime p. Inputs consist of pairs (a, b), and the target is defined by

y = (a+b) modp, a,be{0,...,p—1}. (2.1)

The dataset is constructed so that only a subset of all possible input pairs is included
in training, while evaluation is performed on the held-out pairs. This split creates
two qualitatively different solution strategies: a memorization solution that inter-
polates the training set, and an algorithmic solution that captures the underlying
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modular rule and extrapolates to unseen combinations.

When training a neural network on such tasks, grokking manifests as a characteristic
two-stage learning curve. First, the model quickly achieves near-perfect training ac-
curacy while test accuracy remains near chance, indicating that the learned function
does not generalize. Second, after a prolonged plateau, test accuracy rises sharply
to near-perfect levels while training accuracy remains high. The key feature is the
delay between the epoch at which the training objective is essentially solved and the
epoch at which generalization emerges; we refer to this delayed transition as the
grokking onset and formalize it later when defining our prediction targets.

In this report, we refer to the time at which validation/test performance rapidly
improves as the grokking onset, denoted ¢, in Figure 2.1. A precise operational
definition used for measurement is given later in the methodology section.

2.1.2 Regularization and Training Conditions

A prominent observation in early work is the apparent role of regularization, particu-
larly weight decay. Power et al. report that grokking occurs reliably under sufficiently
strong weight decay, whereas in the absence of weight decay the same architectures
often remain in a memorizing solution for the duration of training [12]. One in-
terpretation is that weight decay introduces a simplicity bias: among functions that
fit the training set, optimization is gradually nudged toward solutions with smaller
norm and greater regularity, which may correspond to the underlying algorithmic
rule. Under this view, the extended plateau reflects slow movement in parameter
space toward a flatter region of the loss landscape until the model transitions into
the basin of a generalizing solution.

At the same time, subsequent studies and variants of the experimental setup sug-
gest that weight decay is not the only route to grokking-like delayed generalization.
In our experiments, inspired by recent work [13], we observe grokking behaviour
even without explicit weight decay under certain training conditions; we return to
this point when describing the benchmark and hyperparameter settings used in this
report.

2.2 Explanatory Perspectives and Implications for In-
trinsic Signals

Several lines of work interpret grokking as a qualitative transition in training dy-
namics rather than a smooth continuation of ordinary generalization. Although
these perspectives differ in emphasis, they share a common implication for our goal:
grokking is associated with a reorganisation of internal representations and/or pa-
rameter structure.




Chapter 2. Grokking Background 2.3. COMPARISON OF EXPLANATIONS

2.2.1 Lazy-to-Rich Dynamics and Feature Learning

One prominent account frames grokking as a transition from an initial lazy regime
to a later feature-learning (or rich) regime. In the lazy regime, the learned function
remains close to its linearisation around initialization, resembling kernel regression;
later in training, parameter updates become large enough that the network begins
to learn task-relevant features [5, 10]. Kumar et al. (2023) formalise grokking as
the point at which this shift in implicit bias occurs, showing that a sharp change
in training dynamics can induce delayed generalisation [10]. From the perspective
of our study, the key takeaway is that such a regime change should be reflected in
internal geometry: if representations transition from “memorisation-like” to “rule-
like”, measures of effective dimension or complexity of activations may exhibit a
corresponding shift.

2.2.2 Delayed Compression and Representation Geometry

A complementary viewpoint emphasises two-stage representation dynamics: an early
fitting phase followed by a later compression or organisation phase. In modular
arithmetic settings, Sakamoto & Sato (2025) report a delayed compression of repre-
sentations analogous to an information-bottleneck-like effect, and connect grokking
to the emergence of neural-collapse-like geometry via contraction of within-class
variance [14]. This line of work provides a direct motivation for intrinsic dimension
metrics: if late-stage generalisation coincides with representational compression and
increased organisation, then intrinsic dimensionality estimates of activation mani-
folds may decrease around the transition—and potentially begin changing before
test accuracy improves.

2.2.3 Statistical-Physics Analogies and Order Parameters

Statistical physics analogies treat grokking as a phase transition between a “disor-
dered” memorising phase and an “ordered” rule-encoding phase [7]. This framing
highlights metastability (long plateaus) and abrupt transitions, and suggests the ex-
istence of an order parameter—a measurable quantity that changes sharply when the
transition occurs. While test accuracy is an obvious order parameter, our interest is
in internal order parameters that can be monitored during training and that may
provide advance warning.

2.3 Comparison of explanations

Although the literature proposes different mechanisms for grokking, the accounts
share two broad points of agreement. First, grokking is typically characterised by a
prolonged period in which training loss/accuracy saturates while test performance
remains poor [12]. Second, multiple papers report that the transition to generalisa-
tion coincides with a qualitative reorganisation of internal structure (representations
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2.3. COMPARISON OF EXPLANATIONS Chapter 2. Grokking Background

and/or parameter geometry), motivating intrinsic signals as candidate internal “or-
der parameters” [10, 14, 6].

At the same time, there are important differences that affect what should be mea-
sured and how general any predictor can be. Power et al. report that sufficiently
strong weight decay reliably produces grokking in modular arithmetic tasks and
interpret this as an optimisation bias toward simpler solutions [12]. In contrast,
subsequent work reports grokking-like transitions under other training conditions,
suggesting that weight decay is not the only route to delayed generalisation [13].
This matters for our benchmark because an early-warning signal should ideally be
robust across regimes; a signal that appears only under weight decay may reflect
norm control rather than a general mechanism of representation change.

Statistical-physics accounts emphasise metastability and an abrupt transition be-
tween a memorising phase and a rule-encoding phase, implying internal order pa-
rameters that change sharply near the transition [7]. By contrast, lazy-to-rich/feature-
learning accounts describe a shift from near-linearised dynamics around initializa-
tion to substantial feature learning later in training [5, 10]. This distinction af-
fects what “early warning” should look like: a phase-transition view suggests rapid
changes near ¢,,,x, whereas a feature-learning view suggests gradual drift that may
precede tg,.

Representation-geometry accounts report late-stage organisation of activations (in-
cluding neural-collapse-like effects), implying that activation-manifold metrics such
as intrinsic dimension, MST/PHO summaries, and variance-based effective rank should
change as grokking approaches [14, 10]. Other perspectives emphasise shifts in
implicit bias and parameter structure, motivating complementary weight-spectrum
measures (effective rank, spectral entropy) [12].

Taken together, these agreements and differences imply that (i) multiple internal sig-
nals are plausible candidates, (ii) their usefulness may depend on training regime,
and (iii) the key empirical question is not only whether signals change around
grokking but whether they change before test accuracy does.

However, existing studies typically consider a limited set of metrics and do not sys-
tematically test whether changes in these signals precede improvements in valida-
tion/test performance. In this project, we implement a suite of intrinsic dimension
and complexity measures within a single pipeline and benchmark them on the same
grokking-prone task, explicitly analysing temporal relationships (lead-lag structure)
to assess actionable early warning of grokking onset. The next chapter introduces
the intrinsic metrics used in our benchmark and discusses their theoretical and prac-
tical properties.




3 Intrinsic Metrics

Chapter 2 reviewed perspectives that interpret grokking as a qualitative transition
in training dynamics and representation geometry. This motivates tracking intrinsic
signals—quantities computed from activations or weights during training—as can-
didate early-warning indicators of grokking onset. Prior work supports this fram-
ing: modular-arithmetic studies report late-stage representational compression [14],
and intrinsic-dimension analyses suggest that late-layer activation manifolds can be-
come effectively lower-dimensional around the grokking transition [10]. Rather
than proposing a single metric, we benchmark a suite of intrinsic measures and test
whether any provide predictive signal, in particular a measurable lead time before
the grokking onset ¢,,.

3.1 What We Measure: Activations and Weights

We compute intrinsic signals from two complementary sources: (i) activation man-
ifolds, i.e. point clouds formed by layer activations over a fixed input set; and (ii)
weight structure, i.e. layer weight matrices and their spectra. Activation-based met-
rics probe how inputs are represented internally, whereas weight-based metrics cap-
ture global properties of the learned parameters. Because grokking is often described
as a transition in representation quality, we primarily focus on activation-derived sig-
nals and analyse them layer-by-layer.

3.2 Activation-Manifold Intrinsic Dimension

Intrinsic dimension (ID) quantifies the effective degrees of freedom of a point cloud
or manifold embedded in a high-dimensional ambient space. In neural networks,
activations often lie on low-dimensional structures despite high ambient dimension,
and this has been linked to generalisation [4, 3]. In grokking settings, a transition
from memorisation to rule learning is hypothesised to coincide with representational
simplification; consequently, activation-manifold IDs are natural candidates for in-
ternal order parameters.

3.2.1 Related work and estimator considerations

Intrinsic-dimension estimators have been used to study representation complexity
in deep networks and its relationship to generalisation [4, 3]. In grokking-like
settings, prior studies report that late-layer representations can become effectively
lower-dimensional around the transition, consistent with representational simplifi-
cation [10]. However, absolute ID values are known to depend on estimator choice,
sample size, distance concentration effects in high dimensions, and preprocessing
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such as centering and normalisation [3]. For this reason, we track multiple comple-
mentary estimators (fractal, neighbour-based, and linear-variance-based) and focus
primarily on within-run temporal trends and cross-run consistency rather than any
single absolute ID value.

3.2.2 Correlation Dimension

We measure correlation dimension (CorrDim), a fractal dimension estimator based
on how the number of close point pairs scales with radius. Fractal dimensions gen-
eralise the notion of dimension to non-integer values and can capture nonlinear
manifold structure that is not well-described by linear subspaces [3]. In our con-
text, CorrDim provides a scale-sensitive estimate of how “space-filling” the activation
manifold is at different stages of training.

3.2.3 Two-Nearest-Neighbors Intrinsic Dimension (TwoNN)

To complement CorrDim, we also consider a nearest-neighbour based estimator
(TwoNN). TwoNN estimates intrinsic dimension from the ratio of distances to the
first and second nearest neighbours and is often used as a lightweight ID estimator
for high-dimensional point clouds. Including multiple ID estimators reduces the risk
that conclusions are artefacts of a single estimator’s assumptions.

3.2.4 PCA Participation Ratio / Effective Dimension

Not all notions of dimension are fractal. We also track the PCA participation ratio
(sometimes called an effective rank), defined from the eigenvalues of the activation
covariance. This captures how many linear directions carry substantial variance and
is commonly used as a simple proxy for representational compression. While PCA-
based measures can miss nonlinear structure, they are computationally stable and
provide a useful baseline for comparison [3].

3.3 Graph-Based Representations

While intrinsic dimension estimators summarise manifold complexity via scaling or
variance, graph- and topology-based measures provide a complementary view by
explicitly encoding the geometry of the activation point cloud. This family is partic-
ularly relevant to our goal because it yields signals that are interpretable as changes
in global connectivity structure, and in our experiments MST-based measures proved
especially descriptive of grokking dynamics.




Chapter 3. Intrinsic Metrics 3.3. GRAPH-BASED REPRESENTATIONS

3.3.1 Related work and motivation for MST/PHO summaries

Graph- and topology-based summaries provide a complementary view of represen-
tation geometry by capturing global connectivity structure rather than only vari-
ance or local scaling. MST-based statistics in particular are closely connected to
intrinsic-dimension estimation via scaling laws for Euclidean functionals [3]. Per-
sistent homology extends this idea by tracking how connectivity changes across dis-
tance scales; we focus on PHO because it is tightly linked to MST structure and yields
stable, interpretable summaries (e.g. merge scales and long-edge structure) that can
be monitored throughout training [3].

3.3.2 Minimum Spanning Tree (MST) Dimension

Given a set of activation vectors, the minimum spanning tree (MST) connects all
points with minimal total edge length. For random samples from a d-dimensional
space, the total MST length (and related functionals) scales with sample size in a
way that depends on d, which motivates MST-based estimators of fractal/intrinsic
dimension [3]. Intuitively, if representations occupy a higher-dimensional region,
the MST must span space more extensively; if representations collapse onto a simpler
structure, the MST geometry and derived dimension estimates change accordingly.

We compute MST-based dimension estimates (including the MST exponent / pa-
rameterisation used in our implementation). These quantities provide a tractable
summary of activation geometry and, importantly for our analysis, produce smooth
trajectories over training that can be examined for lead-lag structure relative to ¢,,y.

Point Cloud ” Point Cloud .3
(Small N) > (Large N) iy i

MST Edges

/ (LmsT)

(a) MST edges on a smaller activation subset. (b) MST edges on a larger activation subset.

Figure 3.1: Illustration of MST construction on an activation point cloud. As sample
size increases, the MST captures geometry at finer scales, which motivates MST-based
scaling approaches to intrinsic-dimension estimation.

3.3.3 Persistent Homology (PHO) Features

Persistent homology (PH) tracks the birth and death of topological features across
a filtration of the point cloud. For order-0 persistent homology (PHO), the relevant
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events are merges of connected components as the connectivity radius increases.
PHO is closely related to MST structure, since the MST encodes the critical edges at
which components merge [3].

To test whether the predictive utility of MST signals generalises to a broader topo-
logical summary, we track PHO-derived features including total persistence, persis-
tence entropy, the maximum edge, and counts of long edges (e.g. above a percentile
threshold). These features provide interpretable markers of connectivity structure
and potential “re-organisation” in representations.

3.3.4 Energy Functionals £, and Edge-Magnitude Summaries

Beyond dimension-like summaries, we consider additional graph-based functionals
derived from MST/PHO structure. In particular, we track F, energies for multiple
values of a, as well as edge-magnitude summaries (e.g. Euclidean magnitude vari-
ants) computed from row-normalised activations. These provide a controlled way to
test whether grokking signatures arise from a specific dimensional estimator or from
a broader change in geometric scaling.

3.4 Weight-Spectrum Measures

Because grokking is sometimes associated with shifts in implicit bias and optimi-
sation regime, we also track weight-spectrum measures that summarise parameter
structure. For each weight matrix, we compute: (i) an effective rank (a participation-
ratio-like quantity derived from singular values) and (ii) spectral entropy, which
measures how concentrated or diffuse the singular-value distribution is. These
measures provide a complementary lens on complexity and can help distinguish
representation-driven effects from purely parameter-norm effects.

3.5 Summary of Tracked Signals

Overall, our benchmark includes (i) activation-manifold intrinsic dimension esti-
mates (CorrDim, TwoNN, PCA participation ratio), (ii) graph/topology-based ge-
ometry signals (MST-based measures, PHO features, E, energies), and (iii) weight-
spectrum measures (effective rank, spectral entropy). Our goal is to evaluate which
signals change systematically around grokking and, crucially, whether any provide
advance warning of grokking onset.

The following methodology chapter describes how these quantities are computed
consistently across runs and layers, and how we evaluate predictive utility via lead—
lag correlation analyses and parametric grok-time estimation with uncertainty quan-
tification.

10



4 Methodology

4.1 Experimental Setup and Definitions

This chapter describes the experimental protocol used to benchmark intrinsic train-
ing signals and evaluate their relationship to delayed generalisation. We train neu-
ral networks on a canonical grokking task (modular addition), log internal states
throughout optimisation, compute intrinsic metrics defined in Chapter 3, and eval-
uate two analysis tracks: (i) time-resolved lead-lag association between intrinsic
signals and generalisation error, and (ii) a parametric onset predictor that estimates
grokking time from intrinsic dynamics alone.

4.1.1 Task and Model

We adopt a grokking-capable modular arithmetic benchmark used in prior work [12,
10, 13]. The learning problem is modular addition modulo a fixed modulus p = 113:
y = (a+b) mod p, a,be{0,1,....,p—1}. 4.1)

The full dataset contains all ordered input pairs (a,b), yielding p? examples. We
construct a training set by sampling a fraction f of these pairs. Each integer a and b
is represented by a one-hot vector such that the network input is

x = [onehot(a), onehot(b)] € {0, 1}, (4.2)

and the target is a p-class label y € {0,...,p — 1}. We train using standard cross-
entropy loss with a two-layer multilayer perceptron (MLP) with 200 and ReLU acti-
vations. Optimisation is performed with Adam for 80, 000 epochs.

4.1.2 Run grid and training protocol

We run a grid of training configurations over three hyperparameters:

learning rate € {0.005, 0.01, 0.015, 0.02},
weight decay A\ € {0, 0.03, 0.003, 0.0003},
training fraction f € {0.39, 0.40, 0.42, 0.45}.

This yields 4 x 4 x 4 = 64 runs in total. Each run is trained for a fixed num-
ber of epochs 7' (chosen to extend beyond the delayed generalisation regime when
grokking occurs - 7' = 80,000 in our case).

At regular checkpoints during training (every 1000 epochs), we record: (i) scalar
training/held-out metrics (loss and accuracy), and (ii) internal states needed to
compute intrinsic signals, including layer activations and weight matrices. These
are the metrics described in 3. This protocol yields time series m(t) for each metric,
layer, and run, which are then analysed using the procedures described later in this
section.

11



4.2. CORRELATION MEASURES Chapter 4. Methodology

4.2 Correlation Measures

For each run, let m(t) denote a scalar intrinsic metric (e.g. MST dimension) eval-
uated at training epoch ¢, and let A(¢) denote held-out accuracy. We also define
held-out error E(t) =1 — A(t).

A central question is whether intrinsic dynamics lead or follow generalisation dy-
namics. We therefore compute lead-lag association curves between m(t) and E(t).
The association at lead A is then

r(A) = assoc({m(t) hery, {E(t+A)biery) - (4.3)

A positive lead A means the intrinsic signal is evaluated earlier than the generalisa-
tion target; thus a strong association at A > 0 indicates potential predictive value.
The association measueres we will use is pearson rp, spearman pg and kendall 7,
which all are sensetive to different kinds of relationships.

In addition, we will vary hyperparameters in a granulated analysis for robustness
of our results [8, 1]. Using multiple measures helps distinguish relationships that
depend on scale (Pearson) from those that are monotonic but non-linear (Spear-
man/Kendall).

4.2.1 Aggregation and Uncertainty Across runs

All lead-lag curves r(A) are first computed per run r;. For each metric (and option-
ally layer), we compute the mean association curve

) = £ Yona),

where r;(A) is the run-level curve and N is the number of included runs. We also
report the distribution of A* across runs as a measure of lead-time stability.

To quantify uncertainty in across-run summaries, we use bootstrap resampling over
runs. Specifically, we draw B bootstrap samples of the N runs (sampling with re-
placement), recompute #*)(A) and A*®), and report pointwise confidence bands for
7(A) (e.g. 2.5-97.5 percentiles) as well as an interval summary for A*.

4.3 Parametric Onset Prediction

In addition to lead-lag association curves, we introduce a parametric approach that
converts intrinsic trajectories into event-time features and uses these to predict grokking
onset from intrinsic dynamics alone. We define the target (the onset time of grokking)
as Tgrox as the epoch where the test accuracy becomes 0.5. The goal of this section is
to predict T with intrinsic measures.
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Chapter 4. Methodology 4.3. PARAMETRIC ONSET PREDICTION

4.3.1 Event-time features from intrinsic trajectories

Given an intrinsic metric time series m(¢) (for a fixed metric and layer), we fit the
logistic form

Ry, — Coy,
1+ exp(— ki (t — tom))’

and normalizes it between O and 1 to the function p(¢). For any ¢ € (0, 1), the timing
marker ¢, is the epoch at which the fitted intrinsic trajectory reaches fraction ¢ of its
transition:

m(t) = lo + 4.4)

q
—q

ty = {t: p(t)=q} = to,m—i-iln(l ), 0<g<l. (4.5)

K
Small ¢ values correspond to earlier parts of the intrinsic transition, while ¢ ~ 0.5
corresponds to the intrinsic midpoint.

4.3.2 Offset calibration and onset prediction

Across all runs, we compute the offset between intrinsic timing and grokking onset:

At = O 79 (4.6)
We select a quantile ¢* by sweeping a grid of candidate values and choosing the one

that yields the most stable offset across runs:

¢" = argminstd(At,), (4.7
qeQ

where Q is a fixed grid ( {0.05,0.10,...,0.95} for us). Given ¢*, we define the cali-
brated offset ,» as the mean of At ., and define the onset predictor for a new run
as

Tirok = tgr — b (4.8)
This predictor deliberately has low capacity (one timing feature ¢*), reducing over-
fitting risk in the small-N regime. Instead of overfitting a large model, we use priors
of the shape of the grokking phenomenon to make a model that is less prone to
overfitting.

4.3.3 Cross-validations and hyperparameters

We evaluate predictive performance using leave-one-out cross-validation (LOOCV).
For each held-out run i, we predict

Loy = 15 —ug " g = mean(At) 4.9)

j#i
The per-run prediction error is e® = T% _ 7% e summarize errors usin
P b grok grok g

RMSE, and the 95th percentile of |e|. We also report an empirical 95% prediction in-
terval using the 2.5th and 97.5th percentiles of the LOOCV error distribution. We do
the similar analysis on granules over different hyperparameters to check robustness.
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5 Experimental Results

This chapter evaluates whether intrinsic training metrics provide (i) interpretable
signatures of grokking, (ii) measurable lead-time relative to the generalization tran-
sition, and (iii) accurate onset-time prediction across runs. We first summarize the
training regimes observed in the modular addition benchmark, then benchmark in-
trinsic signals via lead-lag association analysis, and finally present onset prediction
results based on parametric timing markers extracted from intrinsic trajectories.

5.1 Training Regimes in Modular Addition

5.1.1 Regimes Induced by Training Fraction

Training fraction controls the constraint density of the learning problem: smaller
fractions admit many functions that fit the training set, increasing the chance that
optimization initially settles into a memorizing solution. In contrast, larger fractions
more strongly constrain the target function and tend to induce earlier generalization.
In initial sweeps where we varied training fraction, we consistently observed three
qualitative regimes: (i) early generalization, where held-out accuracy rises quickly;
(ii) grokking, where held-out accuracy remains near chance for a prolonged period
before a sharp transition; and (iii) persistent overfitting, where the model fits training
data but does not recover held-out performance within the training horizon.

accuracy (metrics)

Generalize early (train_frac=0.8) Grokking (train_frac=0.4) No generalization (train_frac=0.2)

- ———o—=

/ e
0.8 f q
.06 q
8 —&— test
5

train

—o— test —o— test

00] & train | ] train

0 1000 2000 3000 4000 5000 6000 7000 8000 0 10000 20000 30000 40000 50000 60000 70000 80000 0 10000 20000 30000 40000 50000 60000 70000 80000
Epoch Epoch

Figure 5.1: Accuracy trajectories illustrating early generalization, grokking, and persis-
tent overfitting. Vertical markers indicate the grokking onset time ¢, for grokking runs
(when defined).

Figure 5.1 shows the canonical grokking signature: training accuracy saturates early,
while held-out accuracy remains near chance for many epochs before abruptly rising
to near-perfect performance.

In Figure 8.1, the corresponding loss is plotted. Loss trajectories provide a com-
plementary view of these regimes. In grokking and persistent overfitting, the model
typically enters a phase where held-out loss increases (or remains high) even after
training loss becomes small, reflecting the generalization gap. In grokking runs, this

14



Chapter 5. Experimental Results 5.2. LEAD-LAG ASSOCIATION BENCHMARK

behavior is transient: the loss eventually decreases again around the onset, whereas
in persistent overfitting the loss fails to recover.

Among all tracked intrinsic quantities, MST-based measures exhibited one of the
most visually distinct and structured behavior around grokking. Figure 5.2 shows
the evolution of MST alpha across layers. A notable feature is layer dependence:
different layers exhibit different degrees of transition-localized structure, suggesting
that grokking corresponds to a reorganization that is not uniform throughout the
network.

mst_alpha (dims)

Generalize early (train_frac=0.8) Grokking (train_frac=0.4) No generalization (train_frac=0.2)

o eSS e sap ==

T

\
\\v\
\\\/\

layers.1
—o— layers.2
—e— pre_logits

o 1000 2000 3000 4000 5000 6000 7000 8000 0 10000 20000 30000 40000 50000 60000 70000 80000 0 10000 20000 30000 40000 50000 60000 70000 80000
Epoch Epoch Epoch

Figure 5.2: MST alpha across layers in representative grokking runs. MST-based signals
change markedly around the transition, with layer-specific structure that motivates lay-
erwise benchmarking.

Informally, MST alpha often begins changing shortly before the held-out accuracy
jump, consistent with the hypothesis that internal geometry reorganizes prior to ex-
ternally visible generalization. The next sections quantify this intuition.

The remainder of this chapter focuses on runs that exhibit grokking-like delayed
generalization. Runs that overfit of generelizes immediately are being left out.

5.2 Lead-Lag Association Benchmark

We now benchmark intrinsic metrics by measuring time-resolved lead-lag associa-
tion with generalization dynamics. The aim is to answer: which intrinsic signal-layer
combinations track the generalization gap most strongly, and at what lead times?

5.2.1 Lag Convention and Target Signal

Throughout this section, the target is the generalization gap gen_gap(t), computed
per epoch ¢ (as defined in the methodology chapter). For each intrinsic time series
m(t) and integer lag A, we compute association between m(¢) and gen_gap(t + A).
Under this convention, A > 0 indicates that the intrinsic metric leads the generaliza-
tion gap (early-warning), while A < 0 indicates that the intrinsic metric lags behind
1t.
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5.2. LEAD-LAG ASSOCIATION BENCHMARK Chapter 5. Experimental Results

5.2.2 Top-Ranked Metric-Layer Combinations

To identify candidate signals, we compute lead-lag association curves per run and
summarize by the per-run mean correlation across time. Table 8.1 reports the top-
performing metric-layer combinations for Pearson, Spearman, and Kendall criteria.
MST Dimension measured at hidden layer 1 scored the best for pearson, while F,
with o = 0.5 for layer 1 scored the highest spearman and kendall correlation.

mst_dim / layers.1: correlation vs lag (bootstrap 95% Cl) E_alpha_0.5_row_|2 / layers.1: correlation vs lag (bootstrap 95% CI)

—e— Pearsonr
Spearman 3 005
0.95 ] —o— Kendall T
et \‘\'\‘\‘
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4 4
g 5
5 o
<

3
085
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m ®
3 &
Correlation (m

075 —e— pearsonr

—e— Kendall T

—10000 —7500 —5000 —2500 o 2500 5000 7500 10000 —10000 —7500 —5000 —2500 o 2500 5000 7500 10000
Lag (epochs) Lag (epochs)

(a) (b)

Figure 5.3: Lead-lag correlations (mean + bootstrap 95% CI) for two top metric-layer
pairs. Panel (a) shows mst_dim (layer 1), which maximizes Pearson r and closely tracks
generalization-gap magnitude. Panel (b) shows an E,, metric, which scores highly under
rank correlations (Spearman/Kendall), indicating monotonic co-trending but weaker
magnitude alignment.

Although Table 8.1 ranks candidates separately under Pearson, Spearman, and Kendall
criteria, these criteria measure different notions of “tracking”. Rank correlations are
sensitive primarily to monotonic co-movement: they are high when a metric changes
in the same direction as the generalization gap. Pearson correlation is stricter: it re-
wards both correct direction and magnitude/shape alignment. This distinction is vis-
ible in Figure 5.3: the Pearson-optimal signal (mst_dim in layer 1) exhibits a sharp,
high Pearson peak and visually matches the gap trajectory, while the rank-optimal
signal maintains strong p/7T but shows weaker Pearson alignment, consistent with
tracking only the ordering of changes rather than their scale. Because our down-
stream goal is onset prediction from intrinsic trajectories, we report all three criteria
but prioritize Pearson when selecting signals intended to numerically predict gap
magnitude or event timing.

Figure 5.4 illustrates a representative alignment of normalized MST dimension with
the generalization gap at the best-performing positive lead. The near-linear tracking
highlights why MST-based measures appear as dominant candidates in the rank-
ing: they provide high signal-to-noise, smooth trajectories, and consistent alignment
across the plateau and transition.

For comparison, Figure 8.2 shows an F, energy summary plotted against the gen-
eralization gap. It focuses more on monotonicity of the intrinsic metric and not
necessary how closely it aligns with the generalization gap. For that reason, we will
focus more on the pearson correlation for the rest of this section.
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Figure 5.4: Representative alignment of normalized mst_dim (layer 1) with the gener-
alization gap under the best-performing lead.

5.2.3 Which Metric Dominates at Which Lead?

Different intrinsic signals peak at different lead ranges. Some metrics are best at
long positive leads, while others peak closer to A ~ 0 (useful for event localization).
Table 8.3 summarizes the best-performing (metric, layer) winner as a function of
lag, collapsing contiguous lag ranges where the same winner dominates.
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Figure 5.5: Early-warning vs post-transition intrinsic signals. (a) Normalized trajec-
tories comparing generalization error with PCA participation ratio (layer 1) and MST
alpha (layer 2). (b) Correlation versus lag (mean + bootstrap 95% CI), showing PCA
leads the transition (negative lag peak) while MST alpha lags (positive lag peak).

Figure 5.5 provides representative lead—lag curves for two winner metrics from Ta-
ble 8.3, illustrating how different metrics dominate at different lag ranges. PCA
participation ratio at layer 1 has the highest pearson correlation 10,000 epochs be-
fore the generalisation error, while MST alpha at the second layer has the highest
correlation 10,000 epochs afer.

A plausible interpretation is that these two metrics probe different stages of the
same phenomenon. PCA participation ratio captures a gradual reduction in linear
degrees of freedom that can begin during the memorisation plateau, consistent with
the idea that internal structure starts forming before test accuracy reveals it. MST al-
pha, by construction, is sensitive to global connectivity and scaling properties of the
activation geometry. It can change most strongly when the representation manifold
has already reorganized into a more coherent structure. This separation motivates
reporting both types of signals.
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5.2.4 Heterogeneity Across Hyperparameters

Because grokking time and intrinsic dynamics depend on optimization settings, we
analyze heterogeneity across training fraction, learning rate, and weight decay. This
serves two purposes: (i) it checks whether a signal remains informative across con-
ditions, and (ii) it motivates conditioned evaluation for onset prediction.

Figure 8.3 visualizes run-level alignment of MST dimension with generalization gap
at a fixed lead, with point style indicating hyperparameters. The scatter reveals
systematic structure: some hyperparameter combinations yield smoother transitions
and tighter alignment, while others yield more spiky or delayed transitions where
different metrics may dominate.

Figure 5.6 further stratifies runs by varying one hyperparameter at a time. The
plot shows that while some dimensions are strong for certain grokking behaviour,
MST Dimension layer 1, always show high and consistent corrlation. This solidifies
our belief that MST can be used as a trusworthy correlator.
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Figure 5.6: Run-level scatter diagnostics stratified by training fraction, learning rate,
and weight decay.

5.3 Intrinsic Onset Prediction

We now evaluate whether intrinsic dynamics can predict the grokking onset time.
We use the logistic timing marker method introduced in Section 4.3, which extracts
an intrinsic event time ¢, from a fitted sigmoid and maps it to a predicted onset time

A

Terox Via an offset calibration.

5.3.1 Stable Timing Markers from Logistic Fits

Table 8.2 summarizes timing offsets At = t, — T, for candidate (metric, layer)
combinations, after selecting ¢ to minimize the across-run spread. Low std(At) indi-
cates that the intrinsic timing marker is consistently aligned to the onset across runs,
which is precisely what is needed for a stable onset predictor.
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Across candidates, MST-derived signals yield some of the tightest timing distribu-
tions, and their best-performing layer depends on whether the goal is (i) long lead-
time early warning or (ii) accurate onset localization.

5.3.2 Predicting 7,,x Across Runs

We next evaluate prediction quality by comparing predicted onset time Tgrok to the
observed onset time T,,. Figure 5.7 shows predicted onset times across the hyper-
parameter grid, and Figure 8.4 shows predicted versus observed onset times.
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Figure 5.7: Predicted grokking onset times with uncertainty intervals based on sigmoid
curve fits of MST-derived intrinsic dynamics with optimal ¢ = 0.85.
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Across runs, the relationship is strongly linear, with R* ~ 0.98 and RMSE =~ 1637
epochs for the best-performing MST-based predictor in our setting. This supports
the interpretation of grokking as a detectable internal transition whose timing is
encoded in intrinsic trajectories.

5.3.3 Prediction Intervals and Conditioning on Hyperparameters

Finally, Table 5.1 reports empirical 95% prediction intervals for the onset prediction
error e = Ty0 — Tyrok, Doth pooled across runs and under conditioned evaluation
that controls for hyperparameter confounds.

Table 5.1: 95% prediction intervals (PI) for onset prediction error e = Tgrok — Tyrox- “All
runs” denotes the pooled estimate across runs, while “conditioned” denotes stratified
evaluation where all but one hyperparameter are held fixed and results are aggregated
across granules.

Condition Nruns  Mgranules PL; 5% Ply759%
All runs (pooled) - — -2744.23 3582.21
Conditioned on varying train fraction 65 15 -2101.35 2148.45
Conditioned on varying Ir 61 15 -1244.20 1184.58
Conditioned on varying weight decay 67 17 -1483.15 1218.03

Conditioning consistently tightens prediction intervals relative to the pooled esti-
mate, indicating that a substantial component of apparent prediction uncertainty is
attributable to systematic hyperparameter-dependent shifts rather than irreducible
noise. Among the stratified settings, varying train fraction yields the widest in-
terval, while varying 1r yields the tightest in our experiments.
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6 Conclusion

This project asked whether grokking onset can be predicted from intrinsic train-
ing signals rather than held-out performance. On a modular addition benchmark,
we benchmarked a suite of activation- and weight-based geometry/complexity mea-
sures using lead—lag correlation analysis. Across grokking runs, MST-derived metrics
were the most consistently informative, showing strong layer-dependent alignment
with the generalization gap and yielding usable positive-lead signal. Using a simple
logistic timing-marker model fit to intrinsic trajectories, we could accurately estimate
Trox across runs, with tighter uncertainty once hyperparameter confounds were con-
trolled. Overall, the results support the interpretation of grokking as an internal geo-
metric reorganization that is detectable before test accuracy improves, while leaving
open how broadly these signals transfer beyond small algorithmic tasks.

20



7 Declaration & Sustainability

Declaration

I declare that this report is my own work and has not been submitted in substantially
the same form for the award of a higher degree elsewhere. Where material has been
used from other sources, it has been properly acknowledged through citations and
references.

Some illustrative figures in this report were generated using Google Gemini. These
figures are used for visualization and communication purposes only; the experimen-
tal design, methodology, implementation, and analysis presented in this report were
developed by me.

ChatGPT was used as a writing aid throughout the project, primarily to improve
grammar, clarity, and overall language delivery. The scientific content, structure,
and claims in the report remain my own responsibility.

In addition, parts of the experimental code were written with the assistance of Al-
based autocompletion in the Cursor editor. As a result, a substantial portion of the
codebase contains Al-suggested code fragments. I reviewed, adapted, and validated
this code for correctness and consistency with the experimental goals, and I take
responsibility for the final code and results reported here.

Sustainability

This project is computational in nature and therefore has an environmental foot-
print primarily due to energy use during model training and metric computation. To
reduce unnecessary computation, we used a small, controlled benchmark (modular
arithmetic with a compact MLP), performed structured hyperparameter sweeps with
a limited grid size, and logged intrinsic metrics at discrete intervals rather than every
training step. Expensive procedures (e.g., compression-based complexity estimation
where applicable) were run at reduced checkpoint frequency.

A longer-term motivation of this work is also efficiency: if grokking onset can be
anticipated from intrinsic signals, one could terminate unpromising runs earlier,
schedule regularization adaptively, or allocate compute more effectively—reducing
trial-and-error training and potentially lowering overall energy usage in future ex-
perimentation.
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8 Appendix
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Figure 8.1: Loss trajectories for early generalization, grokking, and persistent over-
fitting. Grokking runs exhibit an extended plateau/high-loss phase followed by a late
decrease, whereas persistent overfitting does not.
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Figure 8.2: Representative alignment of E,, (here E,—q5) with the generalization gap.
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Chapter 8. Appendix

Table 8.1: Top-10 dimension-generalization-gap correlations ranked by per-run mean
correlation. Lag is defined by correlating gen_gap(t) with dim(¢ + lag).

Pearson (mean across runs: pearson_r_run mean)

Rank ID Layer Lag Mean
1 mst.dim layers.1 1000 0.984571
2 corr_dim layers.1 -1000 0.975415
3 E.alpha 1 row_12 all layers_concat -1000 0.974372
4 phO_total_persistence row_12 all layers_concat -1000 0.974372
5 phO_total persistence row_12 layers.2 -1000 0.974363
6 E_alpha_1_row_]2 layers.2 -1000 0.974363
7 E_alpha 2 row 12 layers.1 1000 0.973317
8 E_alpha 0.5 row 12 all layers_concat 0 0.973248
9 E_alpha 0.5 row_12 layers.2 0 0.973209

10 weight_effective_rank layers.1.weight 0 0.972185
Spearman (mean across runs: spearman r_run_mean)
Rank ID Layer Lag Mean
1 E_alpha 0.5 row_12 layers.1 10000 0.939930
2 E_alpha_ 1 row_12 layers.1 10000 0.939190
3 phO_total persistence row_12 layers.1 10000 0.939190
4 phO_persistence entropy row_12 layers.1 =~ 8000 0.936715
5 E_alpha 2 row 12 layers.1 10000 0.935393
6 mag euclidean s1 _row 12 layers.0 10000 0.925730
7 pmag_ euclidean s1 _row_12 layers.0 10000 0.924895
8 phO_persistence entropy row 12 layers.2 5000 0.922715
9 mst.dim layers.1 8000 0.921752
10 mst alpha layers.1 8000 0.921752
Kendall (mean across runs: kendall tau run mean)

Rank ID Layer Lag Mean
1 E_alpha 0.5_row_12 layers.1 10000 0.899467
2 E_alpha 1_row_12 layers.1 10000 0.897918
3 phO_total persistence row_12 layers.1 10000 0.897918
4 E_alpha 2 row 12 layers.1 10000 0.892162
5 phO_persistence_entropy row_12 layers.1 8000 0.876967
6 mag euclidean s1 row 12 layers.0 10000 0.867416
7 pmag_ euclidean s1 row_12 layers.0 10000 0.865341
8 phO_persistence _entropy_row_12 all layers_concat 6000 0.859152
9 phO_persistence _entropy row_12 layers.2 5000 0.858851

10 weight spectral entropy layers.1.weight ~ -3000 0.855467
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Run-level scatter (epoch=1000, agg=mean)
Color=weight decay (symlog), marker=train_fraction
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Figure 8.3: Run-level alignment of mst_dim with the generalization gap at a fixed lead,
with point styling indicating training fraction and weight decay.

LOOCYV prediction errors by varying hyperparameter
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Figure 8.4: Predicted onset time T,k versus observed onset time 7T}, aCross runs.
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Layer Metric q mean At std At
layers.2 mst_dim 0.85 2517.768 1638.614
layers.1 mst_dim 0.50 1847.864  1866.279
layers.2 mst_alpha 0.35 -132.378  1985.494
all layers_concat mst alpha 0.35 287.961  2027.331
layers.1 corr_dim 0.75 51.785  2742.804
layers.2 E_alpha 1 _row_ 12 0.75 2684.687 3315.142
layers.2 phO_total persistence row 12 0.75 2684.687  3315.142
layers.2 E_alpha_0.5_row_12 0.65 2059.686  3422.284
all layers_concat E_alpha 1 row 12 0.85 -3255.878  3987.835
all layers_concat E_alpha 0.5 row 12 0.70 -8215.278 5933.536
layers.1 E_alpha 2 row_ 12 0.50 -13751.653 10468.012
Table 8.2: Summary statistics (sorted by std At).
Lag range Best (metric, layer) 7 (mean Pearson)
—10000 pca_participation_ratio, layers.1 0.924
—9000 to —5000 E_alpha 2 row_ 12, layers.2 0.936-0.960
—4000 to —3000 mst_dim, layers.2 0.963-0.968
—2000 to —1000 corr_dim, layers.1 0.974-0.975
0 to 6000 mst_dim, layers.1 0.959-0.985
7000 to 10000 mst_alpha, layers.2 0.930-0.952

Table 8.3: Best-performing (metric, layer) as a function of lag (winner is the combo with
maximum per-run mean Pearson correlation at each lag). Contiguous lags with the same
winner are collapsed into ranges; 7 shows the observed range within each segment.
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